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7,-MODULES WITH PARTIAL DECOMPOSITION BASES IN
L3,

CAROL JACOBY AND PETER LOTH

Communicated by Manfred Dugas

ABSTRACT. We consider the class of mixed Zj,-modules with partial decom-
position bases. This class includes those modules classified by Ulm and
Warfield and is closed under Loow-equivalence. In the context of Loow-
equivalence, Jacoby defined invariants for this class and proved a classifica-

tion theorem. Here we examine this class relative to L¢ those formulas

ocow?

of quantifier rank < some ordinal 4, defining invariants and proving a clas-
sification theorem. This generalizes a result of Barwise and Eklof.

1. INTRODUCTION

Ulm’s Theorem [U] presents invariants that classify countable torsion abelian
groups up to isomorphism. Barwise and Eklof [BE] extended this result to the
classification of arbitrary torsion abelian groups up to equivalence in the infinitary
language Loo,. Warfield [W2] extended Ulm’s Theorem by classifying a certain
class of mixed local groups, which have come to be called Warfield groups, up
to isomorphism. The first author [J2] defined a class of mixed Z,-modules which
includes those studied by Warfield and is closed under L.,-equivalence. The
defining property of these modules is the existence of a partial decomposition
basis, a generalization of the concept of decomposition basis. In the context of
Low-equivalence, invariants were defined for this class and a classification theorem
was proved.

Here we look at this class in the context of LI, for some ordinal §, i.e, the
formulas of quantifier rank < §. These results were needed to prove theorems
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about definability and expressibility of the invariants and the class [J3]. Classifi-
cation of this class in L was included in [J2], but recently the second author
noted shortcomings in some of these proofs. These have been corrected here. In
addition, new results and approaches have streamlined many of the theorems.
We focus on local groups, i.e., modules over Z,. The global case is considered in
[JLLS] and [JL].

Section 2 presents the definitions and results from algebra that will be needed.
Section 3 defines LS, and presents Karp’s Theorem that unites the algebraic and
model theoretic views. Section 4 proves an extension result that will be needed
in the classification theorem and Section 5 proves the classification theorem for
modules with partial decomposition bases in LS.

For notation and terminology on abelian groups and on model theory, we may
refer to the books [F1], [F2], [L] and [R].

2. ALGEBRAIC BACKGROUND

All modules considered in this paper are modules over Z,, the ring of integers
localized at the prime p. For every ordinal «, a submodule p®M of the module
M is defined as follows: pM = {px : x € M}, p*"'M = p(p*M), and p*M =
Np<a p?M if « is a limit ordinal. The length of M is the least ordinal 7 such
that p” M = p™ 1 M. The height of an element x € M, written |x| or |z, is «
if z € p*M\p*™'M and |z| = 0o if z € p™M = (), p*M. The module p>M is
called the divisible part of M and M is called reduced if p>™ M = 0. The submodule
of M generated by a subset S of M is denoted by (S), and (S) is the set of all
elements x € M such that rx € (S) for some 0 # r € Z,. Notice that the height
of z € S computed in M coincides with the height of # computed in (S)°. A
submodule H of M is called nice (in M) if

p*(M/H) = (p*M + H)/H

for all ordinals «. Note that H is nice if and only if every coset of H has an
element « € M which is proper with respect to H, that is, if  has maximal height
among all elements in the coset « + H (cf. [L, Proposition 1.4]). In this case, we
have |z + h| = min{|z|, |h|} for all h € H. The torsion part of M is denoted by
tM and we let M[p] = {x € M : px = 0}. Then the Ulm-Kaplansky invariants of
a module M are defined by

(e, M) = dim (p* M) [p]/ (p** M)][p]
where « is an ordinal, and

u(oo, M) = dim (p™° M)[p].
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Ulm [U] proved that these cardinal numbers are isomorphism invariants for count-
able torsion modules.

An Ulm sequence is a sequence (f; : ¢ < w) where each §; is an ordinal or
the symbol oo such that 5; < ;41 for all i and we use the convention a < oo
whenever « is an ordinal or the symbol co. Two Ulm sequences 3 = (Bi1i < w)
and ¥ = (v; : i < w) are called equivalent, and we write B ~ 7, if there exist
m,n < w such that (Bi4m : i <w) = (Yitn : ¢ <w). The Ulm sequence of v € M
is the sequence U(z) = (|piz| : i < w).

A subset X = {ax; :i € I} of M is called a decomposition set if all elements of
X are independent and have infinite order such that

|rizy + ... 4+ rpzyn| = min{|riaq ], ... [raxs |}

for all 1,...,2, € X and 71,...,7r, € Z,. If in addition M/(X) is torsion, X is
called a decomposition basis for M. More generally, a system C is called a partial
decomposition basis for M if

(1) C is a non-empty collection of finite subsets of M;
(2) if X € C, then X is a decomposition set;
(3) if X € C and x € M, there is Y € C such that X CY and x € (Y)°.

It is clear that if X is a decomposition basis for M, then the collection of all
finite subsets of X is a partial decomposition basis for M. Warfield modules are
modules M possessing a decomposition basis X such that (X) is nice and M/(X)
is simply presented. Their Warfield invariants are defined by

w(e,M)=|{x € X :U(x) € e}

where e is an equivalence class of Ulm sequences. Warfield [W2] showed that
these invariants, together with the Ulm-Kaplansky invariants, form a complete
set of isomorphism invariants for Warfield modules.

3. MODEL-THEORETIC PRELIMINARIES

Loow 1s an extension of a language of first order logic to allow conjunctions and
disjunctions over arbitrary sets of formulas and quantifications over finite sets of
variables. Lgow
more than ¢ (cf. [BE]). We say models 2 and B are LJ_ -equivalent, written
2l =5 B if they satisfy the same sentences of L% . In particular, % =, B if
they satisfy the same sentences of Loo,. LS -equivalence can be characterized

by partial isomorphisms having the back-and-forth property:

consists of the formulas of this language with quantifier rank no
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Theorem 3.1 ([Kar]). Let A = (A,...) and B = (B,...) be models for Lo, and
0 an ordinal or the symbol co. Then the following are equivalent:
(i) A=sB;
(ii) For each ordinal v < § there is a non-empty set I, of isomorphisms on
finitely generated substructures of 2 into B such that
(a) if v < p, then I, C I,;
(b)ifv<é, fel, 1 andx € A (y € B, resp.), then | extends to a
map [’ € I, such that x € domain(f') (y € range(f’), resp.).

If 6 = oo, the sets I, in (ii) can be chosen to be all equal to some fized set I.

4. EXTENDING a-HEIGHT-PRESERVING ISOMORPHISMS

Let S and T be submodules of modules M and N, respectively, and let « be an
ordinal or the symbol co. Then we say that an isomorphism f : S — T preserves
heights up to « if

min{|z|,a} = min{|f(x)|, a}

for all x € S where all heights are computed in M and N, respectively. In this
case, f is also called a-height-preserving (or height-preserving if a = 00).

The following result is a special case of [J1, Theorem 4.2] and uses modifications
of the Ulm-Kaplansky invariants (see [BE] and [J1]): for a module M and an
ordinal «, let (o, M) = min{u(e, M),w} and a(oo, M) = min{u(oco, M),w}.

Theorem 4.1 ([J1]). Let M and N be modules, o an ordinal and f : S — T an a-
height-preserving isomorphism where S and T are finitely generated submodules
of M and N, respectively. Suppose that i(c, M) < i(o,N) for all o < a. If
x € M is proper with respect to S, px € S and |x|+1 < «, then for a suitable y in
N, f can be extended to an a-height-preserving isomorphism g : (S, z) — (T, y)
by mapping x onto y.

The following lemmas will be useful.

Lemma 4.2 ([GLLS]|, [J2]). Let M and N be modules, o an ordinal and f :
S — T an a-height-preserving isomorphism where S and T are submodules of
M and N, respectively. Suppose that x € M, y € N, |z| > « and |y| > «.
Suppose further that x + S and y + T have the same order and if p" is the order
of t + S, then f(p"x) = p™y. Then f can be extended to an a-height-preserving
isomorphism [’ : (S, z) = (T,y) by mapping x onto y.



Z,-MODULES WITH PARTIAL DECOMPOSITION BASES 1011

Lemma 4.3 ([J1]). Let M be a reduced module of finite rank with a decomposition
basis {x1,...,x,}. Then there is a torsion module T and submodules M; of M
(i=1,...,n) such that

MeéT=xM& &M,

and x; € M; for all t = 1,...,n. In fact, the set I of all height-preserving
isomorphisms between finitely generated submodules of M & T and M, & --- &
M, extending the canonical map ¢ : {(x1,...,2,) — {(x1,...,2,) salisfies the
conditions of Karp’s Theorem 3.1.

Lemma 4.4. Let M be a module, X a decomposition basis for M and S a finitely
generated submodule of M such that SN(X) = (SNX). Ify € X such thaty ¢ S
then there is an n € w such that

rp"y + s| = min{[rp"yl. [s[}
forallr € Z, and s € S.

PROOF. It is easy to verify that S N (y) = 0. Since S is finitely generated,
SN X is finite, say SN X = {x1,..., 2, where the first k elements are exactly
those whose Ulm sequence is not equivalent to (oo, 00,...) (0 < k < m). Clearly
{y,z1,...,2m} is a decomposition basis for

N =(S® ().

If U(y) ~ (00,00,...) there is n € w such that [p"y| = oo, so the claim fol-
lows immediately. Suppose U(y) # (00,00,...). Letting D be the divisible part
of N we have (y,z1,...,25) N D = 0. By [Kap, Theorem 6], the projection
(y,1,...,2%) ® D — D can be extended to N resulting in N = R® D where R
is a reduced module with decomposition basis {y,z1,...,2;}. By Lemma 4.3 we
have

RBET = No®...D Ny

where T is torsion, y € Ny and x; € N, fori =1,...,k. Let I be the set of partial
isomorphisms as in Lemma 4.3. For a map f: A — B in [ define
f'r AeD — Ba®D.
(a,z) — (f(a),x)
Then I' = {f' : f € I} is a set of isomorphisms between submodules of N & T
and Ng @ ... ® Ny & D satisfying the conditions of Karp’s Theorem 3.1, hence
the finitely generated submodule S @ (y) of N is contained in the domain of some
flfel' Un: No®---® N ®D — Ny is the projection, then 7 f/(.S) is finitely
generated since S is. It is also torsion, since if z € S, then there is a nonzero
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r € Z, such that rz € SN (X) = (SN X), so by the construction of f and f’
we have f'(rz) =rz € Ny @ ... ® N & D which implies r7f'(z) = nf'(rz) = 0.
But then the elements of 7f’(S) have only a finite number of heights. Since
U(y) # (00,00,...) and f’ is height-preserving, the elements p" f'(y) (n € w)
have infinitely many heights, so there is an n € w such that |rp™y| # |s| for all
0#7r€Z,and s enf'(S).

Now let s € S, r € Z,, and write f'(s) = so + --- + sk + d where s; € N; for
i=0,...,kand d € D. Then

rp"y + sl = [f'(rp"y + s)| = [/ (rp"y) + so + - + s + d|
= min{|f'(rp"y) + sol,[s1,- -, |skl, d]}
= min{|f'(rp"y)|, [sol, . |sl, |d|}
= min{[f'(rp"y)[, |f'(s)I}
= min{[rp"yl, |s|}
O

Lemma 4.5 ([W1]). Suppose N and S are submodules of a module M such that
N is nice in M and S contains N such that S/N is torsion and finitely generated.
Then S is nice in M.

The following extension result will be needed in Section 5.

Lemma 4.6. Let M and N be modules such that 4(a, M) = @(a,N) for all
a < w(v+1) for some ordinal v and if length(tM) < w(v + 1), then 4(co, M) =
(oo, N). Suppose f : S — T is an isomorphism which preserves heights up to
wv +k+mn+1 for some k,n € w, where S and T are nice, finitely generated
submodules of M and N respectively. Let a € M and suppose

(1) p"*tla e S and p"a ¢ S;

(2) for all 0 < m < n the following is true: if for all x € p™a + (S, p™*'a)

we have |z| < w(v + 1), then |z| +1 < wv +k for all such x;

(3) if length(tM) < w(v + 1) then length(tM) < wv + k.
Then f extends to an wv + k-height-preserving isomorphism g : (S,a) — T" for
some submodule T' of N.

PRrOOF. Case 1: First consider the case in which for every 0 < m < n and
x € p™a + (S,p™Tta) we have |z| < w(v + 1). We will prove by induction on
m, 0 < m < n+1, that f extends to an wv + k-height-preserving isomorphism
fm such that domain(f,,) = (S,p"*1~™a). Let fo = f. Suppose f,, has been
chosen. Let y = p"~™a. Then py € S,,, = domain(f,,). Iif y € S,,, we may let
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fms1 = fm. Sosuppose y & S,,. For all x € y + S, = p" "a+ (S, p"T1"™a) we
have |z| < w(v+1) by assumption so ||+ 1 < wv+k by (2). By Lemma 4.5, S,
is nice in M, so we may choose x proper with respect to S,,. Then by Theorem
4.1, f, extends to an wv + k-height-preserving isomorphism f,,+1 such that

domain(funs1) = (Sms @) = (Sm,y) = (S,0" "0, p" ") = (,p" "),

This completes the induction. Let g = f,41.

Case 2: Now suppose for some 0 < m < n there is an z € p™a + (S, pm+1a>
such that |z| > w(v + 1). We may assume that = has been chosen so that m is
minimal. We will prove that f extends to x.

Choose j least such that p’*'z € S. Then

Pl > |e| +iF1>w+ D) +j+1>wrt+m+k+5+1,

so |f(pP i) > wv+m+k+j+ 1since j <n—m and f preserves heights up
to wv + k +n + 1. Thus we may choose by € N such that p/*lby = f(p/Tlx)
and |bg| > wv +m + k. We claim there is a b ¢ T with these same properties.
If p/by ¢ T, we may let b = by. Suppose p’by € T, say p’by = f(ag) for some
ag € S.

Case 2a Suppose first that length(tM) < w(v+1). Then length(tM) < wv+k
by (3). Since

Fp('z — an)) = p’ by — p' by =0,
we have p(p’x — ag) = 0. Also |[p’x — ag| > wv +m + k and p/z — ag # 0 since
plx ¢ S. Lety = p’x—ag. Suppose |y| # co. Since y € tM, oo # |y| > wv+m+k
contradicts length(tM) < wv + k. Consequently, we have |y| = co. But then
(00, N) = @(o0, M) = min{dim (p> M)[p],w} > dim (p> M N (S, y))[p]
= dim (y) ® (S[p] N p>* M),

the latter equality following from the modular law. Letting a = wv +k +n + 1,
we have

dim (y) & (S[p] Np>M) > dim S[p] N p*°M = dim S[p] N p>°(tM)
= dim S[p] Np*(tM) = dim S[p] N p*M
=dim T[p] N p*N
since f is a-height-preserving. Then there is an element in (p>° N)[p] that is not
in T[p] Np®N, hence it is not in 7. Write it as p?b; where |b;| = co.
It is easy to verify that b = by + by satisfies the desired condition.

Case 2b Now suppose length(tM) > w(v + 1). Then length(tN) > w(v + 1)
since otherwise the modified Ulm invariants would disagree between length(tN)
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and w(v + 1). Again, we will choose an appropriate b as the image of x. Barwise
and Eklof [BE, (2.6) and (2.7)] proved that if G is a p-group, S a subgroup of G
of finite rank, a a limit ordinal < length(G) and 8 < «, then for any n € w there
exists a z € p?G such that p"z ¢ S and p" 'z = 0. The proof applies equally well
to Z,-modules, so by applying it to ¢, the limit ordinal w(v + 1) < length(tN)
and 3 = wv +m+k, we get by € p*?T™+EN such that p’by ¢ T and p'*1b; = 0.
Let b= by + by.
In either case we have chosen a b such that

|b| > wr+m+k,p’bd T and p/ b = f(p/ T a).

Define f’ : (S,z) — (T,b) as in Lemma 4.2. Then f’ preserves heights up to
wv+m+ k.

We have shown that f can be extended to an wv + m + k-height-preserving
map f’ with z in its domain. Now we must show that f’ can be extended to
include a. We claim that (S,z) = (S, p™a). Recall that € p™a + (S,p™*ta),
say © = p™a+rp™ta+ s for some r € Z, and s € S. Let y = p™a+rp™ta =
p™(1 +rp)a. Then z —y € S, so (S,z) = (S,y). But 1 + rp and p are relatively
prime, so (y) = (p™a) and thus p™a € (S,z). Thus (S, z) = (S,p™a).

Now let S" = (S,p™a) = domain(f’). Then p™a € S" and for every l <m —1
and every

zepa+ (S, p*ta)y = pla+ (S, p'a),
|z| < w(v + 1) by the minimality of m. Thus by Case 1 applied to f': S’ — T’
and m — 1, we may extend f’ to include a such that the extension is wv + k-
height-preserving. O
Corollary 4.7. Let M and N be modules such that i(a, M) = 4(a, N) for all
and (oo, M) = 4(oco, N). Suppose f : S — T is a height-preserving isomorphism
where S and T are nice, finitely generated submodules of M and N respectively.

If a € M and p"a € S for some r € w, then f extends to a height-preserving
isomorphism g : 8" = (S,a) = T" for some submodule T' of N.

PROOF. Let v be an ordinal such that length(M) < wv and apply Lemma 4.6. O
Corollary 4.8 ([BE]). Let G and H be p-groups and § an ordinal such that

(1) (e, G) = (e, H) for all @ < wd;

(2) if length(G) < wd, then 4(oco, G) = u(oco, H).
Then G =5 H.

PrOOF. Cousider the system {I, : v < 6} where each I, consists of all wr-height-
preserving isomorphisms f : S — T where S and T are finite subgroups of G and
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H, respectively. Let f € I,41(v < §) and a € G. Since S is finite, there are
k,n € w such that conditions (1)-(3) of Lemma 4.6 hold, hence f extends to
g € I, with a € domain(g). By symmetry, condition (ii) of Karp’s Theorem 3.1
is satisfied, hence G =5 H. O

s
5. CLASSIFICATION IN L2

Let a be an ordinal. We call two Ulm sequences (5;) and (7;) equal up to « if
min{G;, «} = min{y,;, a}
for all i < w. In this case we write (3;) =4 (7i). Two equivalence classes e and €’
of Ulm sequences are called a-equivalent, and we write e ~,, €', if there are Ulm
sequences (3;) € e and (;) € € which are equal up to a.

For a module M with partial decomposition basis C, define w(e, M) to be the
largest integer n, if it exists, such that there are X € C and x1,...,x, € X such
that U(z;) € e for all i = 1,...,n. If no such n exists, put w(e, M) =w. If a is
an ordinal, define

ta(e, M) = min{ Y (e, M),w}.
e'~ge

Note that if X is a finite decomposition set, then for any e and any «,
wale, (X)) = > HreX : U e} ={reX:[U@)~aell

Lemma 5.1. Let M be a module with partial decomposition basis C. If X € C,
then q (e, M) > 14(e, (X)°) for any ordinal o and equivalence class e of Ulm
sequences.

PROOF. Theset X is a decomposition basis for (X)°. Then w(e’, M) > w(e’, (X)°)
for all equivalence classes €, therefore 10, (e, M) > 14 /(e, (X)). O

Theorem 5.2. Let M be a module with partial decomposition basis C, o an
ordinal and n a positive integer. Suppose (e, M) > n and X € C. Then there
is an X' € C such that X C X' and X' has > n elements x with [U(z)] ~q €.

PROOF. There is a finite set {e1,...,e,} of distinct equivalence classes of Ulm
sequences ~, e such that > ", w(e;, M) > n. If w(e;, M) > w for some i we are
done, so assume that w(e;, M) < w for all i =1,...,m.

For each i = 1,...,m we let n; = w(e;, M) and define inductively X; € C
having > n; elements x with U(x) € ¢; such that X C X; C ... C X;. Then it
is clear that X’ = X, satisfies the required properties. Now the induction can
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be easily carried out since by [J1, Theorem 3.6], for any Y € C and ¢ < m there
exists an X; € C containing Y and having > n; elements « with U(z) € e;. O

Corollary 5.3. Let M be a module with partial decomposition basis C, a an
ordinal and e an equivalence class of Ulm sequences. Then q(e, M) is the largest
integer n, if it exists, such that there are X € C and x1,...,x, € X satisfying
[U(x;)] ~a e foralli=1,...,n. If no such n exists, then w,(e, M) = w.

PRrROOF. If there is a largest integer n such that there is an X € C containing n
elements x satisfying [U(x)] ~ e, then W, (e, M) < n by Theorem 5.2. On the
other hand, W, (e, M) > a(e, (X)°) = n by Lemma 5.1. If no such n exists,
Wq(e, M) = w by Lemma 5.1. O

The following facts about partial decomposition bases will be needed.

Lemma 5.4. Let M be a module with partial decomposition basis C and Y C
X €C. Then (Y) is nice in M.

PROOF. Let 2 € M. Choose X € C such that X € X and z € (X)°. Then X is a
decomposition basis for the module (X)? and Y is a finite subset of X. By [HR,
Lemma 8.1], a subgroup generated by a finite subset of a decomposition basis is
nice, so (Y) is nice in (X)°. Since z € (X)°, this means x + (Y') has an element
of maximal height. Since x € M was arbitrary and the heights in M and in <X' )0
are equal, this proves that (Y') is nice in M. O

Lemma 5.5 ([J1]). Suppose M is a module with partial decomposition basis.
Then M also has a partial decomposition basis C such that ) € C and for any
Xel, zi1,...,xy, € X and nonzero ay,...,a, € Ly, {a121,...,a,2,} €C.

Now we are ready to prove the main result of this paper.

Theorem 5.6. Let M and N be modules with partial decomposition bases. Let §
be an ordinal such that
(1) 4(a, M) = a(cr, N) for all « < wé;
(2) Wy(pt1y(e, M) = Wy41)(e,N) for all v < 6§ and equivalence class e of
Ulm sequences;
(3) if length(tM) < wd then u(co, M) = (oo, N).
Then M =5 N.
ProoOF. Let C and C’ be partial decomposition bases of M and N as in Lemma

5.5. For v < § we define I, to be the set of all maps f : S — T such that there
are X € C, Y € C' with f(X) =Y satisfying:
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(i) S and T are finitely generated submodules of M and N, respectively;
(ii) f is an ww-height-preserving isomorphism;

(iii) X CSC(X)?and Y C T C (Y)".

It suffices to prove that the system {I, : v < 4} satisfies condition (ii) of
Theorem 3.1. First we note that for any v, I, # () since the zero function is in I,
with S = {0}, 7 = {0}, X =@ and Y = 0.

Let f: S — T be amapin I, (v < §) with associated X € C and Y € C’,
and let a € M. Then there is some X’ € C such that a € (X’)? and X C X', say
X' =XU{zy,...,zp}. Fori=1,...,m we will define by induction y; € N and
m;,n; € w and isomorphisms

fi : <Sapmlxl7 e 7pmlx7,> — <Tapn1yla e 7pniyi>
that extend f and satisfy conditions (i)-(iii) of I,,+1 with associated decomposition
sets X; = XU{p™xy,...,p™a;} € Cand Y; = YU{p"y1,...,p"y;} € C’', where
fp™ixz;) =phiy; forall j=1,...,i Let fo=f, Xo=X and Yy =Y. Assume
this has been done for i < m. Let e = [U(z;4+1)]. Then
ww(u+1)(e7 N) = ’UA}w(zH»l €, M) Z ww(l/Jrl) (67 <XI>O)
<X U {J}l, ce ,xi}>0)
<Y U {y17 ey yl}>0)7

the latter equality following from (ii) and induction. By Theorem 5.2 there is
Y’ € ¢’ such that Y U {y1,...,4:} €Y’ and

ww(erl)(e; <Y/>0> > ’LDUJ(V+1)(67 <Y U {y17 s ayi}>0) +1,
so there is a y;11 € Y'\(Y U {y1,...,%}) such that [U(yis1)] ~w@+1) e Then

U(p”;+1 Yit1) =w(v+1) U(pm;+1 xit1) for some mj ,n;, | € w. Now apply Lemma
4.4 to the module (S, z1, ..., x;, z;41)° with decomposition basis XU{z1, ..., 711}

)
> uA}w(l/+1) (6,
= ww(u-&-l) (67

and submodule (S, 1, ..., ;). This applies since
<S,.’£1,...7£L’i> n <XU {xl,...,xi+1}> = <XU {xl,...,xi}>
= <<S,$1,...,.Ti> N (XU {xl,...,xi+1})>.

We may similarly apply Lemma 4.4 to (T, y1,...,%i+1)%, Y U{y1,...,yis1} and
(T,y1,...,y;). This gives us k;;1 € w such that for all s € (S,z1,...,2;), t €
(Tyy1,...,y:) and r € Zy,

"+ zig + 5| = min{|rp" e, s} and

" yin 4 t] = min{|rp" g, ¢}
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Now let mit1 = kip1 +mjq, nig1 = kip1 +nj; and define fj;, extending f;
by sending p™i+'x; 11 to p"itly,11. By induction, f; satisfies conditions (i)-(iii)
of I,,41 with associated X; and Y;, and it is easy to verify that f;11 does as well
with associated X; 11 = X; U {p™i+'a;41} € C and Vi = Y; U {p"itty; 41} € C.
This completes the induction.

Let o = p™iz; and y; = p™y; (¢ =1,...,m). Then X, = X U{z},...,2},},
so there is a least n such that p"*la € (X,,). Choose k € w sufficiently large
so that for any given j < n if every x € pia + (S,2,...,2},,p"1a) has height
< w(v+1), then every such x has height < wv +k, and if length(tM) < w(v+1)
then length(tM) < wv + k. This is possible since the submodules involved are
nice by Lemmas 5.4 and 4.5. The map

o 2 (S, 2l )y = Ty, oyl

preserves heights up to w(v + 1) hence it preserves heights up to wv +k +n + 1.
By Lemma 4.6, f,, extends to an wv + k-height-preserving isomorphism g with
domain(g) = (S,z},...,x},,a). Thus g satisfies conditions (i) and (ii) on I,.

9 m?
Also since f,, satisfies condition (iii), so does g, since we may use the same X,,
and Y, because a € (X,,)°, X,,, C domain(g) and Y,, C range(g). Thus g € I,,,
as desired. By symmetry, condition (ii) of Theorem 3.1 is satisfied and we obtain
M =5 N. O
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